Question One: (15 Marks) Start a new sheet of paper.

X

N2-x2

b) Show that sin(A+ B) +sin(A—B) = 2sin Acos B, and hence find

a) Find J' dx using the substitution x = J2sing.

Isin 5x cos3xdx .

1
¢) Use Integration by Parts to show that J'tan 1 xdx = % —%In 2.
0

z
2

d) Giventhat J, = Icos“ xdx :
0

i) Provethat J, = (n _1).)”_2, where n is an integerand n> 2.
n

T

2
i) Hence evaluate Icos6 xdx..
0

Question Two: (15 Marks) Start a new sheet of paper.

a) Giventhat z=2+i and w =2-3i, find, in the form a +ib

o (2

b) On the Argand diagram, shade the region where the inequalities

~1<|z|<1 and %<arg(z)<37” both hold.

¢) Find the complex square roots of 7 + 6iv/2 giving your answer in the
form a+ib, where a and b are real.

(Question 2 continued over)
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d) Given the two complex numbers z, =r,cis@ and z, =r,Cis¢,

1) Show that, if z, and z, are parallel, z, =kz,, for k real. [1]

ABCD is a quadrilateral with vertices A,
B, C and D represented by the complex
numbers (vectors) z,, z,, z, and z,, as

shown in the sketch opposite.
pp C B
i) Give two possible vectors (in terms of z,,z,) for side AB. [1]
iii) If ABCD is a parallelogram, show that z, -z, -z, +2z, =0. [3]
e) Explain the fallacy in the following argument: [2]

—1=+-1x+4-1=J(-1)-1)=+1=1. Hence 1=-1.

Question Three: (15 Marks) Start a new sheet of paper.

a) F(x) is defined by the equation f(x) = xz(x —gj , on the domain

—-2<x<L2.
Note: each sketch below should take about one third of a page.

i) Draw a neat sketch of F(x), labelling all intersections with

coordinate axes and turning points. [2]

ii) Sketch y= 1 [2]
TR

iii) Sketch y=./F(x) [2]

iv) Sketch y = In(F(x]) [2]



2 2

b) The Hyperbola € has the equation % _y? =1.
1) Find the eccentricity of €. [1]
i) Find the coordinates of the foci of #. [1]
iii) Draw a neat one third of a page size sketch of €. [2]
iv) Theline x =6 cuts %€ at A and B. Find the coordinates of A and B
if A'is in the first quadrant. [1]
v) Derive the equation of the tangent to #€ at A. [2]

Question Four: (15 Marks) Start a new sheet of paper.

a) The shaded region bounded by y =3- X2, y = x> —x and x =1 is
rotated about the line x =1. The point P is the intersection of
y=3- x? and y = x? — X in the second quadrant.

F 9

e

1) Find the x coordinate of P. [1]

i) Use the method of cylindrical shells to express the volume of the
resulting solid of resolution as an integral. [3]

iii) Evaluate the integral in part (ii) above. [2]

(Question 4 continued over)



b)

c)

d)

Find real numbers A, B and C such that
X A N B N C

(x-12(x-2) (x-1) (x-1* (x-2)

Hence show that

O'—-.N\l—‘

mm - 2|n[gj—1.

Find all x such that cos2x =sin3x, if 0 < xs%.

Solve for x: tan1(3x)—tan1(2x)=tan1(%j

Question Five: (15 Marks) Start a new sheet of paper.

a) For the polynomial equation x> +4x% + 2x —3 =0 with roots a,pf and

b)

y, find:

i) The value of a? + B2 + 2

ii) The equation whose roots are (1-a),(1- 8),(1-y).

. 1
iii) The equation whose roots are —
o

X |+

1
5

Determine all the roots of 8x* — 25x3 + 27x? —11x +1=0 given that it
has a root of multiplicity 3.

The equation x* + 4x3 +5x? + 2x—20 =0 has roots «,,7 and &
over the complex field.

i) Show that the equation whose roots are ¢ +1,4 +1,7 +1 and 6 +1
is given by x* —x? —20=0.

ii) Hence solve the equation x* +4x® +5x% +2x—20=0.
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Question Six: (15 Marks) Start a new sheet of paper.

a)

b)

The circles above have centres at O and radii of 5 units and 3 units
respectively.

A ray from O making an angle 6 with the positive x-axis, cuts the
circles at the points M and N as shown.

NS is drawn parallel to the y -axis and MT parallel to the x -axis.
NS and MT intersect at P.

1)  Show that the parametric equations of the locus of P in terms of 6
are given by x =5cos@ and y =3siné.

i) By eliminating 6, find the Cartesian equation of this locus.

iii) Find the equation of the normal (in general form) at the point P

when Q:E.
3

The functions S(x) and C(x) are defined by the formulae

s(x):%(eX —e‘x) and c(x):%(ex +e‘x).

i) Verifythat S'(x)=C(x).
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i) Show that S(x) is an increasing function for all real x. [1]
iii) Prove [C(x)]? =1+[S(x)J? [2]

iIv) S(x) has an inverse function, S‘l(x), for all real values of x.

Briefly justify this statement. [1]

V) Lety= S‘l(x). Prove that dy = ! : [2]
dx 14 x2

vi) Hence, or otherwise, show that S7(x) = In{x +v1+ x? }. [3]

Question Seven: (15 Marks) Start a new sheet of paper.

a) Let OAB be an isosceles triangle, OA=0B =r, AB = h.

Let OABD be a triangular pyramid with height OD = h and OD perpendicular
to the plane of OAB as in the diagram above.

Consider a slice S of the pyramid of width sa as shown at EFGH in the
diagram. The slice S is perpendicular to the plane of OAB at FG with FG || AB
and BG = a. Note that GH || OD.

i)  Show that the volume of S is (ﬁjb(a—hjéa when da is small.
r r

(You may assume the slice is approximately a rectangular prism of
base EFGH and height 6a). [3]

i) Hence show that the pyramid DOAB has a volume of %hbr. [2]



b)

2

iii) Suppose now that Z/AOB = — and that n identical pyramids

n
DOAB are arranged about O as the centre with common vertical

axis OD to from a solid C. Show that the volume V, of C is given

by V, :%rzhnsin%.

iv) Note that when n is large, C approximates a right circular cone.

Hence, find lim V,, and verify a right circular cone of radius r and

nN—oo

height h has a volume of %mzh .

On the hyperbola xy = c?, three points P, Q and R are on the same

branch, with parameters p,q and r respectively. The tangents at P and

Q intersect at U. If O, U and R are collinear, find the relationship
between p,q and r.

Question Eight: (15 Marks) Start a new sheet of paper.

a)

b)

Use the substitution x = %sin 6 to prove that | v4-9x%dx = % .

o'—’w\m

Hence, or otherwise, find the area enclosed by the ellipse

9x2+y2 4.

a
2
Use an appropriate substitution to verify that J‘\/a2 —x%dx =",
0
X2 y2
Deduce that the area enclosed by the ellipse —+5=1 IS given
a

by 7ab .
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c)

d)

The diagram below shows a mound of height H. At height h above
the horizontal base, the horizontal cross-section of the mound is
2 2 2
h

elliptical in shape, with equation X—+y—:/12, where A=1-—

a2 p2 H2'
and x, y are appropriate coordinates in the plane of the cross-section.

h

v

—
T Y
- v

Show that the volume of the mound is SﬂTSbH )

The quadratic equation x? —(2¢cosé)x+1=0 has roots « and 2.

) Find expressions for « and £ .

i)  Showthat &'® + 50 = 2¢0s(100).
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